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ABSTRACT

This chapter presents a new method for smoothing both gray-scale and color images, which relies on
the heat diffusion equation on a graph. The image pixel lattice using a weighted undirected graph is
presented. The edge weights of the graph are determined by the Gaussian weighted distances between
local neighboring windows. The associated Laplacian matrix (the degree matrix minus the adjacency
matrix) is computed then. The authors capture anisotropic diffusion across this weighted graph-structure
with time by the heat equation, and find the solution, i.e. the heat kernel, by exponentiating the Laplacian
eigensystem with time. Image smoothing is accomplished by convolving the heat kernel with the image,
and its numerical implementation is realized by using the Krylov subspace technique. The method has
the effect of smoothing within regions, but does not blur region boundaries. The relationship is also
demonstrated between the authors’ method, standard diffusion-based PDEs, Fourier domain signal
processing, and spectral clustering. The effectiveness of the method is illustrated by experiments and
comparisons on standard images.

1. INTRODUCTION while preserving important features such as dis-

continuities, edges, corners and texture. During
Smoothing is one of the most fundamental and the last two decades diffusion-based filters have
widely studied problems in low-level image pro- become a powerful and well-developed tool for
cessing. The main purpose of image smoothing image smoothing and multi-scale image analysis

is to reduce undesirable distortions and noise (Weickert, 1998) (Sapiro, 2001). Witkin (Witkin,
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1983) and Koenderink (Koenderink, 1984) were
the first to formalise the multi-scale description
of images and signals in terms of scale-space
filtering. Their basic idea is to use convolutions
with the Gaussian filter to generate fine to coarse
resolution image descriptions. This is equivalent
to evolving the original image using the classical
heatequation (Koenderink, 1984) (Babaud, 1986),
and is known as isotropic diffusion. Since the
diffusivity of the isotropic diffusion is constant
in all directions, boundaries and other image fea-
tures will be blurred while removing the noise. In
the influential work of Perona and Malik (P-M)
(Perona, 1990), an anisotropic diffusion scheme
for scale-space description and image smoothing
was developed. The method breaks the isotropy
condition and outperforms Gaussian filtering. The
basic idea of this nonlinear smoothing method
was to smooth images with a direction selective
diffusion that preserves edges. Catte et al. (Catte,
1992) and Alvarezetal. (Alvarez, 1992)identified
the ill-posedness of the P-M diffusion process and
proposed aregularised modification. This nonlin-
ear diffusion technique has been subsequentially
extensively analysed and developed (Saint-Marc,
1991)(You, 1996) (Witkin, 1983) (Weickert, 1999)
(Black, 1998) (Bao, 2004) (Gilboa, 2004). More
recently, diffusion-based PDEs has also been
developed for smoothing multi-valued images
(Chambolle, 1994) (Sapiro, 1996) (Sochen, 1998)
(Blomgren, 1998) (Tschumperle, 2005).
Mostdiffusion-based PDEs forimage smooth-
ing assume that the image is a continuous two
dimensional function on R2 and consider discreti-
zation for the purpose of numerical implementa-
tion. It is desirable that the implementation is
fast, accurate, and numerically stable, but these
requirements are sometimes difficult to achieve.
Moreover, images, and especially noisy ones,
may not be sufficiently smooth to give reliable
derivatives. Thus, for filtering noisy images it is
more natural to consider the image as a smooth
function defined on a discrete sampling structure.

1.1 Contribution

In this paper, we present a discrete framework for
anisotropic diffusion which relies on the diffusion
process on graphs. We admit the discrete nature
of images from the outset, and use graphs to rep-
resent the arrangement of image pixels. Here the
vertices are pixels. Each edge is assigned a real-
valued weight, computed using Gaussian weighted
distances between local neighboring windows.
This weight corresponds to the diffusivity of the
edge. Instead of using diffusion-based PDEs in a
continuous domain, our method is based on the
heat equation on a graph (Chung, 1997) (Kondor,
2002). The advantage of formulating the problem
on a graph is that it requires purely combinato-
rial operators and as a result no discretization is
required. We therefore incur no discretization er-
rors. We pose the problem of anisotropic diffusion
in a graph-spectral setting using the heat kernel.
We exploit the relationship between the graph
heat-kernel and the Laplacian eigensystem to
develop anew method for edge-preserving image
smoothing. This is accomplished by convolving
the heat kernel with the image. By varying the
diffusion time we control the amount of smooth-
ing resulting from heat diffusion. The resulting
algorithm can be implemented in two ways. The
exact solution of the algorithm can be efficiently
computed without iterations by using the Krylov
subspace projection technique (Hochbruck, 1997)
(Sidje, 1998). An iteration-based scheme is also
provided by discretising time. The method is a
type of discrete anisotropic diffusion that can be
applied to smooth both gray-scale and color im-
ages over the graph representing the pixel lattice.

Our smoothing process can hence be regarded
as isotropic diffusion on a weighted graph. It is
the variation in weights that introduce anisotropy.
Anisotropic diffusion on the original image is
achieved by using an isotropic diffusion on a
weighted graph representation. This transfers the
complexity of the image (a function on R2) to the
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