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ABSTRACT

Dimensionality reduction plays a vital role in pattern recognition. However, for normalized vector data,
existing methods do not utilize the fact that the data is normalized. In this chapter, the authors propose
to employ an Angular Decomposition of the normalized vector data which corresponds to embedding
them on a unit surface. On graph data for similarity/kernel matrices with constant diagonal elements,
the authors propose the Angular Decomposition of the similarity matrices which corresponds to em-
bedding objects on a unit sphere. In these angular embeddings, the Euclidean distance is equivalent to
the cosine similarity. Thus data structures best described in the cosine similarity and data structures
best captured by the Euclidean distance can both be effectively detected in our angular embedding. The
authors provide the theoretical analysis, derive the computational algorithm, and evaluate the angular
embedding on several datasets. Experiments on data clustering demonstrate that the method can provide
a more discriminative subspace.
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Normalized Projection and Graph Embedding via Angular Decomposition

INTRODUCTION

Dimensionality reduction is an important problem
in pattern recognition, and various methods have
been proposed. From the point of view of data
embedding, there are two categories of embedding
approaches. Forvector dataembedding, Principal
ComponentAnalysis (PCA) forunsupervised data
and Linear Discriminate Analysis (LDA) (Duda,
Hart & Stork, 2001; Wang Ding, & Huang, 2010)
for supervised data are the two most widely used
linear algorithms because of their relative simplic-
ity and effectiveness. For graph data embedding,
Laplacian Embedding (LE) (Hall, 1971; Belkin
& Niyogi, 2003; Luo et al., 2009) is a classical
method; in addition, Manifold learning also is
one important class of popular approaches such
as Isomap (Tenenbaum, de Silva, & Langford,
200), Locally Linear Embedding (LLE) (Roweis
& Saul, 2000), Local Tangent Space Alignment
(LTSA) (Zhang & Zha, 2004), Locality Preserving
Projections (He & Niyogi, 2003), etc.

The most widely used PCA projects datainto a
subspace using a least square data representation
error function. However, in many applications
such as information retrieval, image analysis, and
genomics, normalized vector data come naturally.
PCA doesnottake advantage of this special nature
for the normalized data. Furthermore, in machine
learning, many graph data including pairwise simi-
larities are produced by kernel functions (Genton
et al., 2001), such as the most widely used RBF
kernel, which usually have constant/unit diagonal
elements. Most existing embedding methods do
not utilize this property.

This motivate us to propose a new embedding
method called Angular Decomposition (also called
angular embedding) to deal with normalized
data or graphs/kernels with constant diagonal
elements. The decompositions correspond to
embedding data onto a low-dimensional spheri-
cal surface. Although Angular Decomposition is
best suited to normalized vector data and graph
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data with constant diagonal elements, it also ap-
plies to un-normalized data or graph data with
non-constant diagonal. One important feature of
angular embedding is that because the embedded
data are on the unit sphere, the cosine similarity
is equivalent to the Euclidean distance. Thus data
structures best described in the cosine similarity
and data structures best captured by the Euclidean
distance can both be effectively detected in our
angular embedding.

Below, we first introduce Angular Decom-
position for vector data and for graph data. We
then derive computational algorithms for each
decomposition respectively. We evaluate these
new data decompositions for unsupervised learn-
ing. We perform angular embedding on several
common datasets. Experiment results demonstrate
the effectiveness of these new decompositions as
compared to existing approaches.

ANGULAR DECOMPOSITION

We start with a brief discussion of PCA, which
is the most widely used dimensionality reduction
method. Lettheinputdatamatrix X = (z,,---,z,) € R"
contains the collection of n data column vectors
in p dimension space. In image processing, each
column xi7 is a linearized array of pixels’ gray
levels; in text processing, x, is a document. PCA
finds the optimal low-dimensional (k-dim) sub-
space defined (spanned) by the principal directions
U = (u, -, u,) € R”". Theprojected datapoints
in the new subspace are V = (v,---,v ) € R™".
PCA finds U and ¥ by minimizing

minJ,,, =X UV, (1)

The global optimal solution is rank-k singular
value decomposition, X ~ UX V. We absorb X
into V in Equation 1.
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