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Chapter 18
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Problem, the Vehicle Routing
Problem, and Their Impact on
Combinatorial Optimization

Gilbert Laporte
HEC Montréal, Canada

ABSTRACT

The Traveling Salesman Problem (TSP) and the Vehicle Routing Problem (VRP) are two of the most
popular problems in the field of combinatorial optimization. Due to the study of these two problems,
there has been a significant growth in families of exact and heuristic algorithms being used today. The
purpose of this paper is to show how their study has fostered developments of the most popular algorithms
now applied to the solution of combinatorial optimization problems. These include exact algorithms,

classical heuristics and metaheuristics.

1 INTRODUCTION

The Traveling Salesman Problem (TSP) and the
Vehicle Routing Problem (VRP) are central to
distribution management and have attracted the
attention of researchers for more than 50 years.
Their study has stimulated the emergence and the
growth of some of the most important families of
exact and heuristic algorithms in use today. The
purpose of this paper is to provide a brief account
of the evolution of the TSP and of the VRP and
to show how they have contributed to shape the
field of combinatorial optimization.
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We first describe the two problems. The TSP
is defined on a directed graph G = (V, A), where
V ={0,...,n} is the vertex set and
A={(i,j):1,j € V,i= j} is the arc set. With
each arc (4,7) is associated a non-negative cost
¢, which can also be interpreted as a length or as
a travel time. The TSP consists of determining a
least cost Hamiltonian tour or circuit on G. When
¢, = c; forall (4,j) € A, the problem is called
symmetric and can be defined on an undirected
graph G = (V, E), where

E={(i,j):1,jeV,i<j}
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is the edge set. In this case the graph is undi-
rected and the tour is called a cycle. For simplic-
ity, we will work with undirected graphs. In the
VRP, the vertex set is V = {0,...,n}, where 0
represents a depot at which are based m identical
vehicles of capacity Q. The number of vehicles
can be an input parameter or an output of the
solution process. The vertices of V '\ {0} are
called customers, and each customer i has a non-
negative demand g .. There exist several versions
of the VRP depending on the side constraints
under consideration. Here we concentrate on the
classical version involving capacity and route
length constraints. The classical VRP consists of
designing m vehicle routes of least total cost such
that 1) each route starts and ends at the depot, 2)
each customer appears in exactly one route, 3)
the total demand of a route does not exceed Q,
and 4) the length of a route does not exceed a
prespecified constant L. A common variant of the
VRP to which we will refer briefly is the VRP
with Time Windows (VRPTW). Here a time win-
dow [a,,b,| is associated with each customer and
customer service must start within these time
windows (waiting is allowed if the vehicle arrives
at customer i before time a,). In the VRPTW it is
common to first minimize m and then the route
length for the optimal value of m.

There exists an extensive literature on the TWP
and the VRP. The reader is referred to Lawler et
al. (1985) and Applegate et al. (2006) in the first
case, and to Toth and Vigo (2002) and Golden,
Raghavan, and Wasil (2008) in the second case.

Most of the techniques commonly used in the
field of combinatorial optimization either stem
directly from the study of the TSP and the VRP,
or have benefited significantly from their appli-
cation to these two problems. More specifically,
exact solution methodologics like cutting planes
algorithms, branch-and-bound, branch-and-cut
and, to a large extent branch-and-cut-and-price,
mostly derive from the study of the TSP. Column
generation originated independently (Dantzig &

Wolfe, 1960) but was popularized and significantly
enhanced throughits application tothe VRPTW. In
the area of heuristics, most basic operators used in
intra-route and inter-route exchange mechanisms
were first proposed in the context of the TSP
and the VRP. Standard metaheuristics such as
local search, population search, memetic search
and learning mechanisms were first proposed as
generic optimization tools, but their growth is
largely due to the study of the VRP.

Inthe following three sections we will elaborate
on these observations by first considering exact
algorithms, then classical heuristics and, finally,
metaheuristics.

2 EXACT ALGORITHMS

The seminal paper by Dantzig, Fulkerson and
Johnson (1954) on the TSP is one of the most
influential papers ever written in combinatorial
optimization. It formulates the symmetric TSP
by means of binary variables X5 equal to 1 if and
only if edge (i,j) appears in the optimal solution.
The formulation is as follows:

minimaize E Cij Z'Z»].
i<j

subject to

Sa,+> 3, =2(keV)

i<k >k

>a, <IS|-1(Sc V.3 S[n)
i<j

z, =0or1((j)€k)

In this formulation, constraints (2) are called
the degree constraints. Constraints (3) are subtour
elimination constraints, which are equivalent to
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