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Chapter 7

Synchronization in Integer 
and Fractional Order 

Chaotic Systems
Ahmed E. Matouk

Mansoura University, Egypt & Hail University, Saudi Arabia

Synchronization in chaotic systems has particular interest in the past few years; it has many applications, 
especially in secure communications (Carroll & Pecora, 1991; Chua et al, 1992; Ogorzalek, 1993; Chen, 
1997; Bai & Lonngren, 1997).

Fujisaka and Yamada noticed that ‘by coupling together oscillators which on their own evolved 
chaotically, it was possible under certain circumstances to force them to evolve in an identical fashion,’ 
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In this chapter, the author introduces the basic methods of chaos synchronization in integer order systems, 
such as Pecora and Carroll method and One-Way coupling technique, applying these synchronization 
methods to the modified autonomous Duffing-Van der Pol system (MADVP). The conditional Lyapunov 
exponents (CLEs) are also calculated for the drive and response MADVP systems which match with 
the analytical results given by Pecora and Carroll method. Based on Lyapunov stability theory, chaos 
synchronization is achieved for two coupled MADVP systems by finding a suitable Lyapunov function. 
Moreover, synchronization in fractional order chaotic systems is also introduced. The conditions of 
Pecora and Carroll method and One-Way coupling method in fractional order systems are also investi-
gated. In addition, chaos synchronization is achieved for two coupled fractional order MADVP systems 
using One-Way coupling technique. Furthermore, synchronization between two different fractional order 
chaotic systems is studied; the fractional order Lü system is controlled to be the fractional order Chen 
system. The analytical conditions for the synchronization of this pair of different fractional order chaotic 
systems are derived by utilizing the Laplace transform theory. Numerical simulations are carried out to 
show the effectiveness of all the proposed synchronization techniques.
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(Fujisaka & Yamada, 1983; Yamada & Fujisaka, 1983). They introduced criterion requires that the largest 
eigenvalue of the Jacobian matrix corresponding to the flow evaluated on the synchronization manifold 
be negative. Afterwards, He and Vaidya (He & Vaidya, 1992) developed a criterion for chaos synchro-
nization based on the notion of asymptotic stability of dynamical systems. So finding suitable Lyapunov 
function is one highly useful technique of establishing asymptotic stability of the response subsystem.

In 1990, Louis Pecora and Tom Carroll made an important breakthrough of chaos synchronization 
(Pecora & Carroll, 1990; Pecora & Carroll, 1991), they showed that there exists the class of chaotic 
systems for which synchronization can be achieved. Consider a system that can be divided into the drive 
subsystem (whose largest Lyapunov exponent is positive) and the driven subsystem (with all negative 
Lyapunov exponents). In this case trajectories from two identical driven subsystems can be synchronized 
if the same drive system is used. They also indicated that by using chaotic synchronization it might be 
possible to communicate in a secure manner by using the chaotic signal as a mask with which to hide 
the message to be sent. If the receiver could synchronize their system to the chaotic signal of the sender 
then they would be able to remove the mask and the message would be seen. There are so many impor-
tant applications for synchronization (Pecora et al, 1997), for example the synchronized chaotic systems 
provide a rich mechanism for signal design and communication applications (Cuomo & Oppenheim, 
1993; Kocarev & Parlitz, 1995). It has also potential applications in physical, chemical and biological 
systems (Uchida et al, 2003; Li et al, 2003; Blasius et al, 1999). Consequently, our prime interest in 
this chapter is to study and investigate chaos synchronization. After Pecora and Carroll, many effective 
methods have been presented for synchronizing identical chaotic systems like One-Way coupling method 
(Lakshmanan & Murali, 1996), adaptive control (Liao & Lin, 1999; Hegazi et al, 2002; Hegazi et al, 
2001; Agiza & Matouk, 2006), active control (Bai & Lonngren, 1997), simple global synchronization 
technique (Jiang et al, 2003), lag synchronization (Taherionl & Lai, 1999), feedback synchronization 
(Matouk, 2008) and backstepping design approach (Matouk & Agiza, 2008). Chaos synchronization has 
many types like frequency synchronization (FS), phase synchronization (PS), generalized synchroniza-
tion (GS), and identical synchronization (IS).

Throughout this chapter we will apply some of the basic synchronization methods to some integer 
and fractional order chaotic systems.

1. SyNChRONIzATION IN INTEgER ORDER ChAOTIC SySTEMS

1.1 pecora and Carroll Method

Let us consider the system

X f X t X x x x
d
dtn
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By dividing system (1) into two parts arbitrarily as
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