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Chapter  9

A Symbolic Approach to the 
Analysis of Multi-Formalism 

Markov Reward Models

ABSTRACT

When modelling large systems, modularity is an important concept, as it aids modellers to master the 
complexity of their model. Moreover, employing different modelling formalisms within the same model-
ling project has the potential to ease the description of various parts or aspects of the overall system. 
In the area of performability modelling, formalisms such as stochastic reward nets, stochastic process 
algebras, stochastic automata, or stochastic UML state charts are often used, and several of these may 
be employed within one modelling project. This chapter presents an approach for efficiently construct-
ing a symbolic representation in the form of a zero-suppressed Binary Decision Diagram (BDD), which 
represents the Markov Reward Model underlying a multi-formalism high-level model. In this approach, 
the interaction between the submodels may be established either by the sharing of state variables or by 
the synchronisation of common activities. It is shown that the Decision Diagram data structure and the 
associated algorithms enable highly efficient state space generation and different forms of analysis of 
the underlying Markov Reward Model (e.g. calculation of reward measures or asserting non-functional 
system properties by means of model checking techniques).
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A Symbolic Approach to the Analysis of Multi-Formalism Markov Reward Models

1 INTRODUCTION

Motivation: Due to the complexity of today’s 
systems, performance and dependability mod-
els should be built in a structured, i.e. Modular 
and hierarchical fashion. Employing different 
modelling formalisms within the same overall 
model can greatly assist the modeller in describ-
ing different aspects of the system in a clear and 
concise way. (generalised) stochastic petri nets, 
stochastic activity neworks, stochastic automata, 
stochastic process algebras, stochastic extensions 
of uml state charts and other modelling formal-
isms may thus be employed in an overall multi-
formalism model. There are two basic forms of 
interaction between the submodels of an overall 
model, both well understood in the theory of 
concurrent processes: one of them is the sharing 
of state variables, which is a very general concept 
supported by literally every modelling formalism 
mentioned above. In this approach, a subset of the 
state variables of a submodel is shared with one 
or more other submodels, so these state variables 
can be considered as global variables. The other 
form of interaction is synchronisation of common 
activities, which means that a designated subset 
of events may only take place jointly between 
two or more submodels. The consequence is that 
submodels have to wait for each other to perform 
these synchronised activities and are blocked as 
long as the partners are not ready to proceed. For 
the analysis, the high-level model description 
needs to be transformed into its low-level counter-
part, of which this chapter assumes that it can be 
formalised as a Markov Reward Model (MRM), 
widespread in the performance and dependability 
literature. MRMs are continuous-time Markov 
chains augmented by reward (or cost) functions 
which enable the description and computation of a 
wide range of interesting performance and depend-
ability measures. Examples for such measures are 
the expected accumulated reward gained during 
the mission of a spacecraft or the mean energy 
consumption per unit time of a production system. 

A well-known drawback of state-based analysis 
is the problem of state space explosion, which 
means that the number of reachable states may 
grow exponentially in the number of concurrent 
activities of the high-level model. Among the 
techniques devised for coping with this problem, 
symbolic, i.e. decision diagram based approaches 
have shown to be particularly effective.

(Reduced Ordered Binary) Decision Diagrams 
(DD) are very useful for efficiently constructing 
and compactly representing the MRM underly-
ing a high-level model description. Among the 
tools which successfully employ DD-based tech-
niques are stochastic model checkers like PRISM 
(PRISM web page), CASPA (Kuntz et al. 2004) 
and SMART (SMART web page). These tools are 
able to analyse models with hundreds of millions 
of states. However, when it comes to tools which 
support multiple modelling languages, e.g. the 
Moebius performance analysis framework (Moe-
bius web page), it is important that the DD-based 
analysis of MRMs is independent of the concrete 
model description method. This is not only be-
cause different entities of a system model might be 
described in a different method, but future exten-
sions of the set of modelling formalisms should 
not require a re-implementation of the analysis 
engine. Independence of modelling formalism and 
DD-based analysis can be achieved by carrying 
out standard state space traversal and step-wise 
augmentation of the DD encoding the MRM. It is 
important, however, to note that these steps cannot 
practically be performed in a state-by-state manner, 
since this would lead to an unacceptable runtime 
overhead. Instead, operations which process sets 
of states and sets of transitions within one step 
are needed. Such operations can be provided by 
a DD environment, but they need to be used with 
great care and insight into the structure of the 
high-level model. Otherwise, negative effects1 
may compromise the efficiency of the approach.

Contribution: In order to address these prob-
lems, this chapter introduces a scheme for effi-
ciently constructing a DD-based representation 
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