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Chapter VI

Solutionsof L DA for Small
Sample Size Problems

ABSTRACT

Thischapter showsthe solutionsof LDA for small sample-size (SSS) problems. Wefirst
give an overview on the existing LDA regularization techniques. Then, a unified
framework for LDA and a combined LDA algorithm for SSS problem are described.
Finally, we provide the experimental results and some conclusions.

INTRODUCTION

It iswell known that Fisher LDA has been successfully applied in many practical
problemsintheareaof patternrecognition. However, when LDA isused for solving SSS
problems, like face identification, the difficulty that we always encounter is that the
within-classscatter matrix issingular. Thisisdueto the high-dimensional characteristic
of afaceimage. For example, faceimageswitharesol ution of 100x100will resultina10,000-
dimensional image vector space, withinwhichthe size of thewithin-classscatter matrix
isashighas10,000%10,000. Inreal-world problems, itisdifficult or impractical to obtain
enough samplesto makethewithin-classscatter matrix nonsingular. Inthissingular case,
theclassical LDA algorithm becomesinfeasible.

So, itisnecessary todevelop afeasiblealgorithmfor LDA for the high-dimensional
and SSS case. Generally, there are two popular strategies for LDA in such cases. One
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strategy istransform-based; that is, before LDA isused for feature extraction, another
procedureisfirst applied toreducethe dimension of theoriginal feature space. Theother
strategy isalgorithm-based; that is, to find an algorithm for LDA that can deal with the
singular case directly.

Thetypical transform-based methodsinclude fisherfaces (Belhumeur, Hespanha,
& Kriegman, 1997), EFM (Liu& Wechsler, 2000, 2001), uncorrelated L DA (Jin, Y ang, Hu,
etal., 2001; Yang, Yang, & Jin, 2001) and so on. These methods can al so be subdivided
intotwo categories. Inthefirst category, such asfisherfaces, EFM and the discriminant
eigenfeatures technique (Swets & Weng, 1996), PCA is first used for dimensional
reduction. Then, LDA isperformedinthe PCA-transformed space. Sincethe dimension
of the PCA -transformed spaceisusually much lower than the original feature space, the
within-class scatter matrix iscertain to benonsingular. So, theclassical LDA algorithm
becomesapplicable. Thistype of approachisgenerally knownasPCA plusLDA. Inthe
second category of approaches, likeuncorrelated L DA and themethod adoptedin Y ang,
Yang, and Jin (2001), another K-L transform technique is used instead of PCA for
dimensional reduction. Although the methods mentioned above can avoid thedifficulty
of singularity successfully, they are approxi mate because some potential discriminatory
information contained in some small principal componentsis lost in the PCA or K-L
transform step. In addition, the theoretical foundation of the above methodsis not clear
yet, by far. For instance, why select PCA (or K-L transform) for dimensional reduction
beforehand? Is any important discriminatory information lost in the PCA process
because the criterion of PCA isnot identical to that of LDA? These essential problems
remain unsolved.

Sometypical algorithm-based methodsweredevel oped by Hongand Y ang (1991),
LiuandY ang(1992), Guo, Huang, and Y ang (1999), Guo, Shu, and Y ang (2001), and Chen,
Liao, and K0 (2000). Hongand Y ang’ smethod (1991) of avoiding singul arity isto perturb
the singular within-class scatter matrix into anonsingular one. The methods of Liu and
Wechsler (2001), Guo, Huang, and Y ang (1999), and Guo, Shu, and Y ang (2001), are based
on a mapping technique that transforms the singular problem into a nonsingular one.
Their ideaisgood and the devel oped theory providesasolid foundation for solving this
difficult problem. It can beconsidered that Chen, Liao, and Ko’ smethodisaspecial case
of Guo, Huangand Y ang’ sapproach (Chen, Liao, & Ko, 2000; Guo, Huang, & Y ang, 1999).
Chen, Liao, and Ko (2000) merely emphasi zethediscriminatory informationwithinthenull
space of the within-class scatter matrix and overlook the discriminatory information
outsideof it. Instead, Guo, Huang, and Y ang (1999) and Guo, Shu, and Y ang (2001) take
thosetwo aspectsof discriminatory informationinto account at the sametime. However,
the methods mentioned above have acommon disadvantage; that i s, thealgorithmshave
to run in a high-dimensional, original feature space. So, these methods are all very
computationally expensiveinthehigh-dimensional case. Differingfromtheabove LDA
methods, anovel direct LDA (DLDA) approach was proposed recently by Yuand Y ang
(2001). Although DL DA wasclaimedtobean exact algorithmof LDA inthesingular case,
infact, apart of theimportant discriminatory informationisstill lost by this method, as
demonstrated by the experimentsin this chapter.

Inthischapter, our focusisonan LDA algorithm for the high-dimensional and SSS
case. Weattempt to giveatheoretically optimal, exact and moreefficient LDA algorithm
that can overcome the weaknesses of the previous methods. Towards achieving this
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