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ABSTRACT

Inthisarticle,theauthorsinvestigatethedynamicsoftwooligopolygames.Inthefirstgame,they
consider a nonlinear Cournot-type duopoly game with homogeneous goods and same rational
expectations.Theauthorsinvestigatethecase,wheremanagershaveavarietyofattitudestoward
relativeperformancethatareindexedbytheirtype.InthesecondgametheyconsideraCournot-
Bertrandduopolygamewithlineardemand,quadraticcostfunctionanddifferentiatedgoods.Inthe
twogamestheysupposealineardemandandaquadraticcostfunction.Thegamesaremodeledwith
asystemoftwodifferenceequations.Existenceandstabilityofequilibriaofthesystemsarestudied.
Theauthorsshowthatthemodelsgivesmorecomplex,chaoticandunpredictabletrajectories,as
aconsequenceofchangeintheparameterkofspeedoftheplayer’sadjustment(inthefirstgame)
andintheparameterdofthehorizontalproductdifferentiation(inthesecondgame).Theauthors
provethatthevariationoftheparameterk(resp.d)destabilizestheNashequilibriumviaaperiod
doublingbifurcation(resp.throughaNeimark-Sackerbifurcation).Thechaoticfeaturesarejustified
numericallyviacomputingLyapunovnumbersandsensitivedependenceoninitialconditions.Inthe
secondgametheyshowthatinthecaseofaquadraticcosttherearestabletrajectoriesandahigher
orlowerdegreeofproductdifferentiationdoesnottendtodestabilizetheeconomy.Theyverifythese
resultsthroughnumericalsimulations.Finally,theauthorscontrolthechaoticbehaviorofthegames
introducinganewparameter.Forsomevaluesofthisparameter,theNashequilibriumisstablefor
everyvalueofthemainparameterkord.
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1. INTROdUCTION

Anoligopolyisamarketstructurebetweenmonopolyandperfectcompetition,wherethereareonlya
fewnumbersoffirmsinthemarketproducinghomogeneousproducts.Thedynamicofanoligopoly
gameismorecomplex,becausefirmsmustconsidernotonlythebehaviorsoftheconsumers,but
alsothereactionsofthecompetitorsi.e.theyformexpectationsconcerninghowtheirrivalswillact.
Cournot,in1838,hasintroducedthefirstformaltheoryofoligopoly.Hetreatedthecasewithnaive
expectations,sothat,ineverystep,eachplayer(firm)assumesthelastvaluesthatweretakenbythe
competitors,withoutestimationoftheirfuturereactions.

Traditionaleconomicandindustrialorganizationtheoriestendtoviewfirmsasentities,whose
soleobjectiveistomaximizetheirownprofits.Recentresearchershavecriticizedthisviewasan



International Journal of Productivity Management and Assessment Technologies
Volume 7 • Issue 1 • January-June 2019

51

oversimplification.Implicitintheprofitmaximizationparadigmistheideathatmanagerscareonly
abouttheirownabsoluteperformance,andthat,consequently,theyareunconcernedwithhowtheir
performancecomparestothatoftheirrivals.Weassumethatmanagershaveavarietyofdifferent
attitudes toward relativeperformance, and that eachmanager’s attitude is capturedbyhis ‘type’
(Ting,Li,Junhai&Ma,2015;Miller&Pazgal,2002).Intermsoftheirbehavior,eachmanagerwill
trytooptimizesomecombinationofhisownprofitsandtherivalfirm’sprofits;histypedetermines
therelativeweights.

Expectationsplayanimportantroleinmodelingeconomicphenomena.Aproducercanchoose
his expectations rules out ofmany available techniques to adjust his productionoutputs. In this
paperwe study thedynamicsof a duopolymodel,where each firmbehaveswithhomogeneous
expectationsstrategies.(Agiza,1999;Agizaetal.,2002;Agliarietal.,2005,2006;Bischi&Kopel,
2001;Kopel,1996;Puu,1998;Sarafopoulos,2015).Modelswithheterogeneousagentswerealso
studied(Agiza&Elsadany,2003,2004;Agizaetal.,2002;DenHaan,2013;Fanti&Gori,2012;
Tramontana,2010;Zhang,2007).Boundedrationalplayers(firms)updatetheirproductionstrategies
basedondiscretetimeperiodsandbyusingalocalestimateofthemarginalutility.Withsuchlocal
adjustmentmechanism,theplayersarenotrequestedtohaveacompleteknowledgeofthedemand
function(Agiza&Elsadany,2004;Naimzada&Sbragia,2006;Zhangetal.,2007;Askar,2014).

AlargenumberofliteraturesaboutCournotorBertrandcompetitioninoligopolisticmarkethave
beenpublished,butthereareonlyaconsiderablylowernumberofworksdevotedtoCournotBertrand
mixedcompetition,inwhichthemarketcanbesubdividedintotwogroupsoffirms.Thefirstone
optimallyadjustspricesandthesecondoptimallyadjuststheiroutputstoensuremaximumprofit.
Cournot-Bertrandmixedmodelsexistinrealisticeconomy,andinsomecases,Cournot-Bertrand
competitionmaybeoptimal(Häckner,2000;Zanchettin,2006;Aryaetal.,2008).Forinstance,in
duopolymarket,onefirmcompetesinadominantposition,anditchoosesoutputasdecisionvariable,
whiletheotheroneisindisadvantage,anditchoosespriceasdecisionvariableinordertogainmore
marketshare.RecentlyTremblayandTremblay(2011)analyzedtheroleofproductdifferentiation
forthestaticpropertiesoftheNashequilibriumofaCournot–Bertrandduopoly.Thepresentstudy
extendsNaimzadaandTramontana(2012).

Inthisstudyweinvestigatethedynamicsoftwooligopolygames.ACournot-typeduopoly
gamewithhomogeneousplayersandaCournot-Bertrandgame.Thedemandfunctionislinearandthe
costfunctionisquadratic.Weshowthatthemodelsgivesmorecomplex,chaoticandunpredictable
trajectoriesbut in the firstgame theNashequilibrium isdestabilized throughaperioddoubling
bifurcationandinthesecondthroughaNeimark-Sackerbifurcation.Inthesecondgameweshow
thatinthecaseofquadraticcoststherearestabletrajectoriesforeachvalueofthedifferentiation
parameterandahigher (lower)degreeofproductdifferentiationdoesnot tend todestabilize the
economy.Weverifytheseresultsthroughnumericalsimulations.Introducinganewparameterwe
controlthechaoticbehaviorofthetwogames.

The paper is organized as follows: In Section 2, the dynamics of the duopoly game with
homogeneousexpectations,lineardemandandaquadraticcostfunctionisanalyzed.Theexistence
andlocalstabilityoftheequilibriumpointsarealsoanalyzed.Numericalsimulationsareusedto
showcomplexdynamicsviacomputingLyapunovnumbers(i.e.thenaturallogarithmofLyapunov
exponents),andsensitivedependenceoninitialconditions.Wecontrolthechaoticbehaviorintroducing
anewparameter.Forsomevaluesofthisparameter,theNashequilibriumisstableforeveryvalueof
ourmainparameterk(speedofadjustment)andweverifythisresultthroughnumericalsimulations.

Insection3,thedynamicsofaCournot–Bertrandduopolymodelwithlineardemand,quadratic
costfunctionanddifferentiatedproductsisanalyzedandweextendstheworkofNaimzada,Tramontana
(Naimzada&Tramontana,2012).Numericalsimulationsareusedtoshowthatthemodelgivesmore
complexchaoticandunpredictabletrajectories,asaconsequenceofchangeintheparameterdof
horizontalproductdifferentiation.Weshowthevariationofthisparameterdestabilizes(stabilizes)the
NashequilibriumthroughNeimark-Sackerbifurcation.Thechaoticfeaturesarejustifiednumerically
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