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A Short Review of Fuzzy 
Linear Equation Systems

INTRODUCTION

Systems of linear equations play a major role in various 
areas such as operational research, physics, statistics, 
engineering and social sciences. In many applications, 
the parameters of linear equation systems are not al-
ways exactly known and stable. This imprecision may 
follow from the lack of exact information, changeable 
economic conditions, etc.. A frequently used way of 
expressing the imprecision is to use the fuzzy numbers 
rather than the crisp numbers. It enables us to consider 
tolerances for parameters of linear equation systems 
(the entries of the coefficient matrix and right hand 
side vector) in a more natural and direct way. Therefore, 
fuzzy linear equation systems seem to be more realistic 
and reliable than the crisp case.

This study has attempted to provide a short review 
of notable papers on fuzzy linear equation systems with 
a basic structural classification. Considering the vast 
literature, we only aim to present the most cited and 
leading papers for each classification. Our short review 
will give a general framework about the progression 
of the subject and its solution approaches.

BACKGROUND

Wide range of real world applications in many areas 
including financial engineering, scientific management 
and engineering technology are using linear equation 
systems for modeling and solving their respective 
problems. In many situations, the estimation of the 
system parameters is imprecise because of the lack 
of exact information, environmental and changeable 
economic conditions, etc. The uncertainty of param-
eters involved in the process of actual mathematical 

modeling is often represented by fuzzy numbers, so 
it is important to develop mathematical models that 
would appropriately treat fuzzy linear equation systems.

One of the most important applications of linear 
equation systems to electrical engineering is to analyze 
electronic circuits that cannot be described using the 
rules for resistors in series or parallel. The goals are 
to calculate the current flowing in each branch of the 
circuit and to calculate the voltage at each node of 
the circuit, which are known Loop Current and Nodal 
Voltage Analysis, respectively. Owing to environmental 
conditions, tolerance in the elements and noise, these 
analyses can be modeled in the form of fuzzy linear 
equation systems.

Another important application of linear equation 
systems is input-output analysis developed by V. Le-
ontief. Input-output analysis is an extremely effective 
tool used in more than 70 countries over the world 
for manufacturing processes optimization, economy 
condition improvement and intersectors costs allocation 
analysis. Considering dynamic nature of economics, 
it can be easily stated that extending this analysis to 
fuzzy version of linear equation system is significant.

There is a vast literature on the investigation of 
solutions for fuzzy linear equation systems. Early 
works in the literature are on to linear equation systems 
whose coefficient matrix is crisp and the right hand 
vector is fuzzy, that is known as Fuzzy Linear Equation 
System (FLS). The crispness of the coefficient matrix 
makes the modeling of real life problems restricted. 
Linear systems, whose all the parameters i.e. both 
coefficient matrix and right hand vector are fuzzy, are 
named Fully Fuzzy Linear Equation System (FFLS). 
The main intend of FFLS is to widen the scope of 
FLS in scientific applications by removing the crisp-
ness assumption on the entries of coefficient matrix. 
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Besides FLS and FFLS, there exist the dual forms of 
both systems in the literature.

Generally, both FLS and FFLS are handled under 
two main headings: square (n x n) and nonsquare (m 
x n) forms. Most of the works in the literature deal 
with square form. Fuzzy elements of these systems 
can be taken as triangular, trapezoidal or generalized 
fuzzy numbers in general or parametric form. While 
triangular fuzzy numbers are widely used in earlier 
works, trapezoidal fuzzy numbers are neglected for a 
long time. Besides, there exist lots of works using the 
parametric and level cut representation of fuzzy num-
bers. Another classification for FFLS can be made also 
depending on whether FFLS has sign restrictions on its 
parameters. Having sign restrictions for FFLS means 
that all parameters of FFLS are assumed as positive. 
Since the parameters are assumed as positive in the 
most of the papers, further work is needed for FFLS 
with arbitrary (no restrictions on sign) fuzzy numbers.

Solution methods for FLS and FFLS can be gathered 
into two groups: direct and iterative methods. Direct 
methods which are also known as computational or 
classical methods in the literature are generally used 
for square systems. Some of the well known direct 
methods can be given as: the Gauss elimination 
method, Cramer’s rule, QR Decomposition method, LU 
Decomposition method, Quasi-Newton method. The 
iterative methods, which are mathematical procedures 
that generate a sequence of improving approximate 
solutions for the related problem, are used for both 
square and nonsquare linear equation systems. Some 
of the well known iterative methods can be given as: 
Gauss Seidel, Jacobi, Adomian Decomposition, Ho-
motopy perturbation.

This paper is organized with a basic structural clas-
sification. Primary classification is made considering 
whether the system is square or not. Secondary clas-
sification is based on the fuzziness of the coefficient 
matrix that is FLS or FFLS. Final classification is 
constructed with respect to the solution methods, i.e. 
direct or iterative. Considering the limitation of the 
chapter, each classification involves the most cited and 
notable papers consist of scientific refereed journals. 
The objective of our review is to provide structural 
methodology on FLS and to reemphasize a number 
of gaps in the literature.

SQUARE SYSTEMS

Fuzzy Linear Equation Systems

Direct Methods

Friedman, Ming and Kandel (1998) firstly introduces 
a general model for solving a n x n FLS, Ax b=   
where A  is a crisp matrix and b  is an arbitrary fuzzy 
number vector. Using embedding approach, the origi-
nal system is replaced by a 2n x 2n crisp linear equa-
tion system and then they give the conditions for the 
existence of a unique fuzzy solution to a n x n FLS. 

Besides Abbasbandy and Alavi (2005) proposes an 
efficient method replacing the original system by two n 
x n crisp linear equation systems, Abbasbandy, Ezzati 
and Jafarian (2006) discusses the LU decomposition 
method in case the coefficient matrix is symmetric 
positive definite.

Starting from the work by Friedman, Ming and 
Kandel (1998), Ma, Friedman and Kandel (2000) 
analyses the solution of dual fuzzy systems of the form 
A x A x b1 2 

= + . They remark that this system is not 

equivalent to the system A A x b1 2−( ) =  , since there 
is no element v such that u + v = 0, for an arbitrary 
fuzzy number u.

Allahviranloo and Salahshour (2011) proposes a 
simple and practical method for the system Ax b

= , 
where x  and b  are fuzzy triangular vectors with 
non-zero spreads and A is nonsingular. They derive 
three types of solutions: maximal ( xL ) and minimal 
( xU ) symmetric solutions and a fuzzy vector solution 
( xλ ). The last type solution corresponds the convex 
combination of the maximal and minimal spreads, and 
enables the decision maker to analyse the system in 
desire positions by attaining some values to λ . 

Ezzati (2011) gives a new method for solving square 
FLS by using the embedding method given in Cong-
Xin and Ming (1991) and replaces the original n x n 
FLS by two n x n crisp linear equation systems. And 
that study also investigates the perturbation analysis 
in two n x n crisp linear equation systems instead of a 
2n x 2n crisp linear equation system as the authors of 
Wang, Chen and Wei (2009) have done.
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